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The u. S. Naval Engineering Experiment Station,
Annapolis, Maryland, is at present conduoting tests on
water lUbricated bearings. High pressures, high water
temperatures, high angular speeds, and fine olearances
are involved in these tests.
The authors first became interested in the problem
of fluid flow through water lubricated bearings during
an informal discussion with rvrr. Watt V. Smith, Superin-
tendent of Bearin~Project,U. S. Naval Engineering
Experiment Station, who is in oharge of the tests o The
Engineering Experiment Station has thus far largely
confined its investigation to the problems of load
carrying capacity and erosion effects. The fluid flow
through these bearings appeared to be an interesting
problem and the authors offered their serv,ices to the
EES for an analysis of the flow. Mr. Smith made the
full test apparatus available to the authors for their
investigation.
With the hope of assisting the Engineering Experi-
ment Station in the evaluation of test data, the authors
chose the task of finding suitable formulae and graphical
methods for determining the rate of flow through a
water lUbricated bearing from known pressure and tempera-
ture oonditions in the bearingo
The authors wish to express their deep appreciation
ii
to all who have aided in this investigation. They are
especially grateful to Associate Professor George H. Lee,
U. S. Naval Postgraduate School, for his continued
guidanc e and for his careful rev! ew of the completed
manuscript.
The authors are also grateful to personnel of the
U. S. Naval Engineering Experiment Station for their
whole-hearted cooperation in providing the test apparatus
and for their assistance in conducting this investigation.
Mr. Watt V. Smith suggested the investigation and gave the
authors many helpful hints as the investigation proceeded.
Further, an acknowledgment would be incomplete without
mention of Mro M. Levinsohn and Mr. W. J. Vitelozzi, who
were tireless in their efforts to keep the bearing
apparatus in operating condition and also to assist the
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Water lubricated bearings are used in a number of
applications, the most impo~tant in Naval Engine~ring
being the stern tube and strut bearings for ship'pro-
pUlsion machinery. These bearings,. a s well as the
majority of water lubricated bearings, employ large
clearances and comparatively slow journal speeds.
The analysis of the above mentioned bearing is quite
different from the problem posed by a full journal bearing
with small clearance, high shaft speed and with lUbrication
by water at high temperature and pressure. Such a bearing
might find application in modern high-speed steam turbines
and pumps where the use of water as the bearing lUbricant
would simplify the present elaborate gland seal system
and make impossible the introduction of oil into the
feed system from turbine or pump bearings. The analysis
of axial flow of water through such a bearing, subject to
light loads, is the subject of this investigation.
Analyses of "end leakage" or axial flow) in oil
lubricated bearings are given in various lUbrication
publications. These analyses, as far as the authors have
been able to determine, confine their treatment to stable
or laminar flow, and are therefore inadequate for our
problem where large pressure drops through the bearing
and high speeds of journal rotation will necessarily
result in turbulent flow.
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Extensive investigations have been made of water flow
between rotating conoentric cylinders. Neglecting eccen-
tricity, our bearing problem reduces to the particular case
of water flow between two concentric cylinders, the inner
cylinder rotating and the outer cylinder fixed. While
an analysis of this case has been made by a number of in-
vestigators, the tests at the EES are with smaller clear-
ances and higher speeds of journal rotation than any re-
sults known to the authors.
The problem of stable flow between rotating con-
centric cylinders is quite involved and there is consid-
erable disagreement among investigators as to what cri-
terion to use to determine stability. The most widely
accepted criterion for stability of flow between rotating
concentric cylinders with no axial flow was developed
mathematically and verified experimentally by Taylor (18)*'
Sinoe Taylor first pUblished his oriterion in 1923, a
number of investigators have verified his results. For
the specific case of only the inner cylinder or journal
rotating, Taylor finds stable flow existing below a
definite and determinable speed of rotation, while above
this speed unstable or turbulent flow oan be expeotedo
Goldstein (8) verified Taylor's results and further
found that the same criterion was satisfactory for axial
flow with low values of Reynolds Number, R. Fage (7)
extended Taylor's and Goldstein's investigations for
*Numbers in brackets reter to bibliography
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values ot R up to 680. ·Fage's results are applicable to
our bearing problem and are reproduced intigure 4.
The criterion evolved by Taylor and extended by
Goldstein and Fage appears satisfactory tor determining
the conditions which must be satistied for stable flow
in a water lubricated bearing; but, of course, it furn-
ishes no solution for the rate of flow through the bear-
ing. Empirical formulas as well as graphical solutions
based upon dynamical similarity exist for turbulent flow
between concentric cylinders with the inner cylinder
rotating. By taking into account the effect of eccen-
tricity caused by the load on the bearing, we may apply
the above mentioned formulas and graphical solutions to
our bearing problem.
In the following chapters the authors will present
both empirioal equations and graphical solutions for
flow through water lUbrioated bearings. In this in-
vestigation, however, the authors find that the solu-
tion is adequately represented by graphical plots such
as shown in figures 3 and 11. Further.more, graphioal
solutions may be used for both turbulent and laminar
flow.
In analyzing a problem of this type it may be
assumed that at sufficiently slow speeds of journal ro-
tation and with moderate pressure drops through the
bearing, laminar flow will result. In the classical
equation for laminar f~pw between concentric cylinders,
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the rate of flow varies direotly as the olearanoe oubed
and the pressure gradient axially along the oylinder,
and inversely as the visoosity of the flowing fluid.
Therefore, aoourate knowledge of the running olearanoe
of the bearing is essential for predioting the flow.
The temperature oonditions throughout the bearing must
be known beoause of their effeot u~on the visoosity
of the water and, to a lesser degree, upon the olearanoe
in the bearing. Aoourate knowledge of entranoe and
exit pressures in the bearing is also essential. These
pressures affeot the bearing olearanoe and, most im-
portant of all, affeot the rate of flow.
The EES bearing poses a number of problems whioh
have not ordinarily been present in previous experiments
to determine the flow between rotating oonoentrio oyl-
inders.
The first and most difficult problem is aoourate
determination of the running olearance of the bearing.
As the mean diametrioal olearanoe as measured at
680 F. is only .0038 inohes, any small variation in
this clearanoe results in relatively large ohange; of
flow. There is a differenoe in coeffioients of thermal
expansion of the journal and the materials oomposing
the bearing, whioh results in a ohange of olearanoe
with ohange in temperature conditions in the bearing.
At high temperatures there will necessarily be a temp-
erature gradient aoross the bearing whioh further
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complicates the determination of the clearance. Further,
in order to withstand the high pressures involved and
at the same time prevent leakage, the design and assembly
of the EES bearing required certain ena restraints upon
the individual bearings in order to retain them in place.
The magnitude of these end restraints are unknown and
their effect upon the clearance cannot be determined.
Then too, there is a light load on the EES bearing
which makes necessary the consideration of the effects
of eccentricityo As the eccentricity of any particular
bearing will vary with ohanges of load, journal ~eed,
and pressure drop aoross the bearing, the exact solution
of this problem is extremely diffioult o
Under conditions of low rates of flow and high
journal speeds, the temperature of the water increases
as it flows through the bearing. The resulting change
in viscosity may have an appreciable effect upon the
flow through the bearing.
The problems posed by the EES bearing will exist
in varying degrees in any operating water··lubrioated





The test bearing consists of four bearings on a
vertical test shaft of constant diameter as shown in
figure 1. The shaft is necked down to 3/8" diameter
before extending through the upper and lower stuffing
boxes in the bearing housing. The two central bearings
are in a common bearing shell. All bearings have 1/8"
radius fillets on each end of the bearing metal. The
central bearings can be loaded in a radial direction
by means of a spring. The shaft is rotated by means
of a belt driven pulley; the pulley being mounted on
the shaft above the bearing. Combination sleeve and
thrust bearings are installed on either side of the
drive pulley to carry the weight of the shaft and to
prevent any radial thrust from being transmitted to the
test bearing. For convenience the bearings have been
numbered from one to four from top to bottom. The
bearing housing is supported at its base on a rigid'
stand. A photograph of the test 'apparatus is shown in
figure 20
The finish of the journal varies from 2.0 to 3.25
micro inches (RMS) and the finish of the bearing metal
surfaces varies from 32 to 50 micro inches (RMS).
Each of the four bearings may have different metal
temperatures. The temperatures of bearings 1 and 4 are
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recorded as tl and tal the temperature of the middle two
bearings as tle- These temperatures are measured by
thermocouples. Temperatures t 2 and t4 are taken at the
top and bottom of the bearing inner casing and tempera-
tures tll, t l2 , and t lO are taken on the outside surfaces
of the bearing housing near the top, middle, and bottom
respectively. All thermocouple positions are indicated
in figure 1.
All temperature measurements are taken by means of
iron-constantan wire thermocouples and are recorded by
a continuous-reading recorder. Ambient temperature is
recorded as t15. The temperatures obtained by these
thermocouples are correct to plus or minus 2 deg. F.
in absolute temperature and plus or minus 1 deg. F. for
temperature differences.
All pressures are determined by means of Bourdon
tube pressure gauges. These gauges are connected to the
water inlet pipe, both discharge pipes, and to the space
behind bearings 2 and 3. The gauge locations and pressure
ranges are also indicated in figure 1. The error offue
pressure gauge readings does not exceed li% of the maxi-
mum reading to which the scale is graduated; except that
the error in reading the graduations between 33-1/3% and
55-2/3" of the maximum scale reading does not exceed 1/2%












The mean diametral bearing clearances for each of
the four bearings are designated as Cl , C2, C3, and 04
respectively. All reference measurements are taken un-
der standard conditions at 680r. The accuracy of the
measurement of the journal and bearing diameters is
correct within plus or minus 2 ten thousandths of an
inch.
Water is admitted through a pipe to the circular
groove between bearings 2 and 3 at pressure Pl and
temperature t9, flows axially through bearings 2 and 3
to the spaces between bearings 1 & 2 and 3 & 4. These
spaces are interconnected by appr9ximately l/S" clear-
ance in back of the bearing shell which houses bearings
2 and 3, so that the pressures will be the same, P2;
however, the temperatures need not necessarily be the
same and we use t3 and t5 to represent the temperatures
in the upper and lower spaces respectively. The flow
through bearings 1 and 4 is again axial and the result-
ing pressures and temperatures after flow through the
bearings are P4, t7 and P3' t s at the top and bottom
respectively. The discharge from each end is led to
separate collecting tanks located on platform scales.
Here the quantities of flow are weighed and tempera-
tures are taken as t l4 and t l3 for flow from top and
bottom bearings respectively. To insure that the dis-
charge pressures P3 and P4 are the same a mercury man-
ometer is connected across the discharge lines. Flow
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from either line can be throttled by means of a globe
valve to equalize the mercury columns of the manometer.
The materials of construction with approximate per-
centage compositions are shown below:
Shaft U.S.I.S. Symbol 440c alloy steel(1.0 Ct 17 Cr, 0.75 Mo) .




Fed. Specs. 46Sl-M Steel
({{l.3lC,0.75 Mn, 0.25 Sl, 0.35 Cu,
0.25 Nl)
COMP M Bronze (S8 Cu, 6.5 Sn, 4 Zn,
1.5 Pb)
Fed.Specs. 4952~~ Forged Steel




In this chapter the authors will present general
solutions for the rate of axial flow through a water
lubricated bearing. Their solutions will include both
laminar and turbulent flow and they will also discuss
the various criteria for stability of flow.
As previously stated in Chapter 1, laminar flow
may be expected in a water lubricated bearing under cer-
tain conditions. The equation for laminar flow between
two oonoentric cylinders is given by Lamb (12) as
Where
Q. is the volume rate of flow;
P is the axial pressure difference through the bearing;
P is the absolute viscosity;
L is the length of the bearing;
b is the inner radius of the bearing;
a is the radius of the journal.
Equation (l) may be put into a more convenient form
by sUbstituting for b its equivalent, aT h, and expanding
to*
7l'Pah3
Q, = 6)J. L
* See Appendix (I)
[1 + ~(~)~ ~o (~)2 + rio (~p ..J
for mathematioal derivation.
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When the radial clearance is small compared to the
radius, equation (I) becomes
Q, =
Equation (3) above is also the formula for viscous
flow between two parallel flat plates.
The diametral clearance C is frequently used in
bearing calculations. Substituting C for 2h and D for
2r, equation (3) becomes
Q, = 7T PDC3
96 jlL
Further, the eccentricity of the journal must be con-
sidered. With the journal stationary and for laminar flow
the eccentricity may increase the quantity of flow for a
given pressure difference by as much as ISO percent over
that with no eccentricity. The effect of eccentricity
may be obtained by reference to Orloff (14). Equation
(4) then becomes
Qa 'IT PDC3
96 IlL (1 + I.Se
2)
where e is the eccentricity ratio and has a maximum value
of unity when the journal is bard over against the bearing.
The mean axial velocity U may be obtained from equa-
tion(5)above by dividing Q" the axial
sectional area of the flow path 7TDC
, 2
flow, by the cross-
*• Formula (S)
*Approximate area, where radial olearance is small compared





Equation (5) does not consider the effect of rotation
with an eccentric journal. Orloff gives a formula for
additional end leakage due to the action ot pressure de-
veloped in the loaded zone. With approximations this
formula reduces to
1 0 2 X 10-10 ND3 (C/D)2.2 [~/~(l -r Oe6D/L]
(~)Oo6'P"J
Where
q is volume rate of flow (ft3/sec);
N is angular journal speed (RPM);
D is journal diameter (inches);
W is angular journal fP eed (rad/sec);
Pffis projected bearing pressure.
An examination of equations (5) and (7) will show
that for light loads and reasonably large pressure drops
through the bearing the additional flow as computed by
equation (7) becomes negligible smallo Therefore, equa-
tion (5) is sufficient for effecting a solution of laminar
flow in the EES bearing.
Thus far entry and exit losses have been neglected.
Where the pressure drop used in effecting a solution of
the flow problem is obtained from the difference of
pressures measured in the high and low pressure chambers,
at the entrance and exit or the bearing respectively) the
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effect of these losses is to decrease the measured
pressure drop. Cornish (3), in his experiments with
flow between concentric cylinders with the inner cylinder
rotating, found that the speed of rotation had very little
effect upon the entrance and exit losses and that these
losses approximated us. Cornish attributed his low value2'g
of these losses to slight "bell mouthing" of the entrance.
The bearings used by the authors were rounded at the
entrances and exits by a l/a inch fillet. Their apparatus
provided no means for determining entry and exit losses.
The authors found, however, tlB. t the actual rates of flow
in the laminar flow region were generally as great or
greater than the calculated flow as determined by neglect-
ing these losses. Furthermore, assuming these losses
are approximately U2 , then a correcti on of U.~fmay be
2g 2g
made to the measured pressure drop across the bearing.
This correction becomes e~preciable only at very high
velocities.
No such simple formulas as previously given for
laminar flow will suffice for turbulent flow in a water
lubricated bearing. As is usually done in turbulent flow
problems, the principle of dynamical similarity may be
applied. If we follow the methods used by Cornish we








m~c f 2 ( mU , +) (9)U - ]/
where
m is the hydraulic radius;
y is the kinematic viscosity;
r is the mean radius;
Wc is the critical angular velocity.
Cornish was able to reduce the number ot parameters







where fJ is the densi ty of t he fluid.
Cornish then plotted m3p against R for various
,J/2fL
values of rm W to obtain his figure 7, as reproduced in
p
figure 3. Figure 3 is a very useful family of curves and
provides a means for quickly obtaining a solution for the
flow through a water lubricated bearing. This solution
neglects the effects ot eccentricity. Cornish used values
of rim ranging from 341 to 624 to obtain his curves and
states that valid results oan be expeoted ower this range.
A large number of bearing problems might be expected to
tall wi thin this range.
A brief mention should be made of Cornish's apparatus.
H~ experimented with five sets of apparatus, the general

oonstruotion being a smooth brass cylinder rotating in-
side a hollow oylinder also of brass and finished smooth.
Rotation was acoomplished by means of a D.C. motor, giv-
I
ing a range of speeds from 0 to 2000 RPM. The mean radius
r varied from 6 to 10 centimeters and the length of cyl-
inders V'aried from 15 to 28 centimeters. His values of...L.
m
varied from 138 to 624.
The values of rim used by the authors were muoh
higher than those used by Cornish, varying from 1319 to
1369 0 However, Cornish's work appears more closely
allied with the investigation of the authors than the
work of other experimenters. It is of considerable in-
terest to note Cornish's curves oonverge rapidly in the
highly turbulent region and ere thus essentially inde-
pendent of shaft rotation in this area. This.·,is import-
ant in this investigation for the hign journal speeds
and large pressure drops involved necessarily result in .
highly turbulent flowo
It should be noted here that the results obtained
by Cornish do not entirely agree with results of later
investigators, namely Goldstein (8) and Fage (7).
Cornish differs in his methods of determining critical
angular velooity for the breakdown of stable flow.
The criteria for stability used by the various investi-
gators will be discussed Shortly; but regardless of his
determination of the beginning of instability, the major
portion of Cornish's curveS'" should be reliable. over the
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range of rIm from 341 to 624. While the authors used
values of rIm varying from 1319 to 1369, they obtained
fair agreement with Cornish as is shown by comparison
of figures 3 and 11.
It must be emphasized that figure 3 neglects the
effects of eccentricity and that eccentricity is neg-
ligible in figure 11 except the curve for ~UI =o.
lor this curve with the rotor stationary the apparent
eccentricity ratio as calculated by formula (5) varied
approxiDB. tely from 0.7 at R equal 100 to 0.3 at R equal
320. With light loads on the bearing and at high journal
speeds the eccentricity is negligibly small and figures
3 and 11 will give adequate solutions to applicable
bearing problems. For values of rIm near 500 Cornish's
plot as shown in figure 3 is recommended for bearing
problems. With values of rIm near 1345. the plot
shown in figure 11 may be used o
A number of formulas for turbulent flow exist which
are applicable to the flow through a water lubricated
bearing. Davies and White (4) give a general formula
for turbulent flow in a pipe of any form wi th smooth
boundaries, which when applied to this problem gives.
/
= 0.0283
Suzuki (16) derived his formula for flow between
concentric cylinders, the inner cylinder rotating, by
working from Karman's law of velocity distribution.
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For our problem his formula reduces to
;~ =0.0283 (~l/4[~ 81+0.629 ;~w2te
+(1+ 0 .6291fJ:r2cuj':/e}]. (13)
Suzuki did not give a value for the constantfi which
appears to vary with clearance. Cornish found close
agreement with):l equal to 0.8 for values of R from
1000 upward. The authors, in their investigation,
found insufficient agreement with Suzukits formula to
merit quoting any value of the constant)? •
The problem of stability of flow of a viscous fluid
between two infinitely long coaxial rotating cylinders
with no axial flow was first solved mathematically and
verified experimentally by Tayloro Taylorts formula for
our case of the inner cylinder only rotating is
: K
Where K =0.0571 (1~· 0.652 V+0.00056 (1 ~ 0.652 ~).




Therefore, for the case of no flow; i.e., R equal to zero,
the speed of rotation where turbulence first sets in is
20
easily calculated by using formula (15) above.
Goldstein investigated the stability of flow under
the influence of a pressure gradient parallel to the axis
and with the inner cylinder rotating at a uniform speed.
He found Taylor's formula gave good results at low values
of R; i.e., R < 10. Fage experimentally extended Gold-
stein's work, obtaining a plot of 2~am(a~b) versus R
, ' m
,
for values of R up to 680. Taylors point tor R equal to
zero fits smoothly on Fage's curve. Fage's plot is shown
in figure 4.
Cornish found r W c essentially independent of
U
rim over a range 01' values of rim from 341 to 624. An
examination of equations (14) and (15) shows that accord-
ing to Taylor's theory for no axial flow r UJc varies
U
as (r/m)t. Since Goldstein and Fage later found that
, '~~fu
Taylors criterion for stability might be mOdified to~axlal
flow considerable doubt has been cast upon the method
used by Cornish to obtain the critical rotational speed.
Fage's plot appears most useful for determining the
breakdown of stability for flow through a water lubricated
bearing, but it offers no means 01' determining the rate
of flow. The authors feel that a graphical plot such
as made by Cornish represents the best solution to our





SOWTION OF 'lEE EES PROBLEM







Bearing. mean inside diameter, No.1
Bearing, mean inside diameter, NO.2
Bearing, mean inside diameter, NO.3
Bearing, mean inside diameter, No.4
Bearing metal, thickness
Bearing, mean outside diameter, Nos. 1 & 4













See Chapter II, Origin of Data.
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Angular journal sp eeds o - l2~000 R.P.M.
Caloulations are made for bearings 1 and 4 only.
As shown in figure 1 there is a radial clearance of 1/6
inoh behind bearings 2 and 3 permitting exchange of flow
between the discharges of these central bearings. Due to
this constructi. on, the actual measurement of flow through
these individual bearings is impossible. This design
feature provides equal pressures at the entrances of bear-
ings 1 and 4.
For laminar flow through the EES bearing the quanti-
ty of flow may be readily obtained by application of e-
quation (5). When the flow is turbulent we must either
obtain a solution from a graphioal plot of dimensionless
parameters or apply emp~rical equations of known accuracy.
Inasmuch as a graphical plot of dimens+onless parameters
will give a solution for either laminar or turbulent flow,
the authors believe the graphioal method offers the best
solution to the EES problem.
SUfficient data was taken and a plot of m3p
,]/2 f't
versus R for constant values of rm W is shown in
y
Figure 11. It should be emphasized here that Figure 11
is theoretically applicable only to a bearing with an ~
m
approximately the same as the EES bearing, i.e., 1345.
Similarity would further require the same eooentricity
ratio. Ooncerning i, the authors agree with Cornish
that exact equality of : for similarity is not required
and therefore figure 11 may be used for a fairly wide
range of values of .!:. For values of ~ near 500
m m
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Cornish's curves as shown in figure 3 are recommended.
The solution of the EES problem may be best illus-
trated by calculating one of the points in figure 11 0 A
calculation of run 6* will illustrate the method followed
by the authors in obtaining points tor the curves of
figure 11. The foot-pound-second system will be used
in the following calculations unless indicated otherwise.
The factors which must be considered in determining
the mean clearance are: (1) the expansion of the bearing
and shaft due to change in temperature from 6SoF; (2)
the pressure effects on the bearing surfaces; and (3)
the increase in shaft radius due to rotation.
Figure 5 End View of Bearing
Considering first the expansl. on of the bearing due
to temperature we wish to compute the displacement of the
inner radius b. We may consider the bearing to be made
up of two shells shown as parts 2 and 3 in figure 5 above.
Part 2 is bonded to part 3. Upon heating the bearing
there will be created a pressure between the bearing
*See Data Sheet and Calculated Data
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metal and the backing sinoe 0"2 is larger than oC3 • The
radial stresses in parts 2 and 3 due to the differenoe in




where p is the pressure at the bonded surfaoe.
The pressure p is determined from the condition that
during heating both tubes have the same oiroumferential
elongation, i.e.
or
p = (0(2 - OC-3) (t-68)
d [E3{/- dr +E~2(r::d..::l__-=b~)-l ·
SUbstituting for p in the expression for ~2 gives
02: •





Some stresses may exist in the parts of the bearing
due to the bonding process. We have no means ot measur-
ing these stresses which are normally tensile stresses
in the bearing metal. As the stress due to pressure as
computed above is only 828 psi compressive and as the
bonding stresses are normally tensile, it is to be ex-
I thanpected that the combined stresses will be less the yield
strength of the bearing metal, i.e., 12,000 psi. There-
fore, no plastic flow of the bearing metal is to be ex-
pected.
The unit deformation in the tangential direction is
•
Theretore
SUbstituting numerical values gives
The unit deformation in the radial direction is
-
-
- -6() (-828) 6
- 10.28 x 10 92-68 - .3310 x 106 = 273 x 10- in./in. •
The change in radial thickness of the bearing metal is
~(d - b) = C 2r (d -~~o) : 273 x 10-6 (.25) ::68 x 10-6 in.
27
Hence
..6b = Ad - A(d - b)
:: [244 - 68 J 10-6 =176 x 10-6 inches,
which is the change in b due to change in temperatureo
The effect of the pressure on the bearing shell will
be considered next. Due to the construction of bearings 1
and 4. the pressure 1>2 will be present on the outer surface
of the bearing shell since the gaskets to prevent water
leakage in back of the bearings are on the down stream
ends of the bearingso
Formulas (28) and (32) of Appendix II will now be
employed to determine the radial displacement. ~ b, of
the bearing inner radius.
The actual bearing is composed of bearing metal .25
in. thiok with an E of 10 x 106 psi and the bearing back-
ing is .94 in. thick with an E of 2808 x 106 psi so that
negligible error will be introduced by assuming a homo-
geneous steel bearing for "calculating ~b due to pressure
etfects only.
Since the bearing temperatures tl and to and the
outer housing temperatures tlO' t ll , and t 12 correspond,
the temperature gradient aspeots of formulas (28) and (32)
will be omitted. Equation (32) then reduces to
where Pend is our pressure, P2t acting on each end 01' the
bearing and Pi may be taken as the arithmetic mean of P2
and P4'









c2 - b2 rCc2 - b2)\ E
(-3.6 x 10.6 )] •_ r r1-t r
Substituting the above value of Cz in equation (28) 01'
Appendix II rves
LIb =(lotrl rIlE-21)
Whic~ upon further substitution gives
Ab = (1 + .26) [1.25(1 - 2x.26) (1.25}2 :x: 153-(2,44)2 x 255) +
28.8 x 106 \ (2.44)2 - (1.25)2 JI
(153
100 255 . ,_ 1.25 x .26(-3.6 x 10-6~
28.8 x 10'1 1 + .26 J
Which is the change in b due to pressure.
To calculate. Ll a for the shaft it 1s assumed that the
shaft is at a uniform temperature throughout. Therefore
~a = aOCl {t - 58}
• 1.25 x 5.9 x 10-6 (92 • 68) = 177 x 10.6 in.
The effect of centr11uga1 force on the shaft radius is
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negligible for all runs of the experimental data. Assuming
the worst possible case, i.e., the shaft to be a thin disc
rotated at 12,000 rpm, then*
The Lia calculated above due to centrifugal force assumes
the worst possible condition used in this experiment and is
relatively small in comparison to the tolerance for reference
measurements; therefore, the effect of centrifUgal force on
the change of clearance will be neglected.
The total change in radial clearance is the sum of the
changes of 4b due to temperature and pressure, and ~a)i.eo
=: [-14+ 176 -177]10-6 in~
-13 x 10-6 in.
The diametral:_ clearance at 68oF. is
C reference =2.5041 - 2.5003 =3800 x 10-6 in.
The actual clearance is therefore
C actual : [3800 - 2 x 13] 10-6 = 3774 x 10-6 in.
63 =5.37 x 10-8 in.3
u (A See reference 20).
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The measured mass rate of flow through bearing 1 is
M1. :: 25 1bs./2 min.-1.5.8 sec. • 1.1.01 1b./min.
Correspondingly, the mass rate through bearing 4 is
M _ 25 1bs.
4 - 1. min ,-51.2 sec, =13.48 lb./min.
The velooities through bearingi land 4 are*
U1 - 11.01 x .01611 x 144 x 2 : 28.7 ft./sec.
- 60 x 2.5 7T x 3772 x 10-6
and
: 13.48 x .01611 x 144 x 2
60 x 2.5 IT X 3772 x 10-5
=35.2 rt./sec.
The Reynolds Numbers through bearings 1 and 4 are **
R = mU • err
y 4;:-'
and
R2 :: 3772 x 10-
5 x 35.2 - 341
4 x 12 x 8.1 x 10-5 -
The rotational flow dimensionless parameter is
rmW
y
=0, since ~ : O.
The third dimensionless parameter is
5.37 x 10-a x .01511 x 204 oX 32.2...:.. 676 •
64(8.1 x 10-5}2 x 2
* See reference (11) for specific volume.
** See figure (5) for kinematic viscosity.
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The other points for plotting the curves shown in
figure 11 were obtained in a similar manner. It may be
noted that no consideration of temperature gradient across
the bearing was made in the above computations. Temperature
measurements, shown in Data Sheet and Calculated Data,
indicated this gradient was negligably small for all the
test runs made in this investigation. Further, it was found
too t the change of temperature of the water flowing through
the bearing was small, being a maximum of 40F. for all runs
except no. 58. The indicated rise of 80 F. for this run
appeared to be erroneous. With these small temperature
rises, the authors felt justified in using the arithmetic
mean t~mperature of the water flowing through the bearing
for determining the viscosities used in their computations.
The authors were unable to obtain equal flow from
bearings 1 and 4. The apparent trouble was that bearing
4 was slightly skewed or restrained in the inner housing.
This may best be shown by figure ? and the forthcoming
rmed equal 0 is shown
.:7/
The lower or straight portion of this
explanation.
Figure ? is a plot of dimensionless parameters for
For compari-
by a dashed line.
'£1!JJ!! equal to 0 and 440 for bearings 1 and 4.
7/
son, a plot of Cornish's curve for
line is the theoretical plot for laminar flow as given by
equation 4. As the majority of the runs for rmUl?: 440
P'
were made at approximately 4000 RPM, we find
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for this speed. Referring to figure 4. we find this point
well below the curve and thus the effect of this speed of
rotation on turbulence may be neglected. Therefore, if
the bearings and Journal are concentric, we can expect the
curves for rmuP: 0 and~: 440 to coincide.
-p- p
The curves for bearing 1 do not coincide at the
lower pressures due to the 100 lb. load on the middle
bearings tending to oause eccentricity and resulting in an
increase of flow when the rotor is st~tionary; while at
4000 RPM the effect of this load on eccentricity is neg-
ligibly small.* As the pressure dr~ and resulting flow
is increased the eccentricity decreases as is to be ex-
pected, and the curves for bearing 1 coincide.
An inspection of figure ? shows that the curves for
bearing "4 are very close at-the lower Reynolds Numbers but
do not coincide at any point. Furthermore, the curve for
~= 440 is slightly lower than the curve fo r ~= 0,
y p
indicating an increase of flow with rotation. Su,ch re-
sults are not normal for an unrestrained bearing as the
eccentricity should decrease with rotation resulting in
a decrease of flow as- shown by equation(~in Chapter III.
The increase of flow with rotation can th~ be explained
by the pumping action of .. an eccentric journal as shown
*A full discussion of eccentricity follows shortly.
35
by equation(~. Therefore, bearing 4 must be restrained
or skewed in its housing.
Although extreme care was exercised in the manufacture
and assembly of these bearings it is virtually impossible
to insure concentricity of upper and lower bearings in
this type of apparatus unless the bearings are concentri-
cally bored in place. Due to the time required, the faults
in bearing 4 were not corrected. It was decided to in-
clude only the results obtained from bearing 1 in the
final results of this investigation. Figure 11 is a
dimensionless plot of the results obtained from bearing 1.
Let us now consider the effects of eccentricity on
our problem. By equation (5), we can expect up to 150%
increase in rate of flow for laminar flow with an eccen-
tric rotor. In the turbulent flow region the effect of
eccentricity is muoh less, Cornish finding the increase
not more than 30% for maximum eccentricity.
To estimate the eccentricity of the journal we may
refer to Kingsbury's ourve of leakage factors and to
Sommerfeld's ohart for mintmum film thickness. Sommer-
feld t s chart gives the minimum film. thickness for a
bearing without end leakage. Our problem is to obtain
the minimum film thickness or clearance with axial flow
or end leakage. We may do this by applying a oorrection
in the form of a leakage factor obtained from Kingsbury's curve.
The above curves are reproduced in figures 8 & 9 respective-
ly.*
* Figures 8 and 9 are from reference (13)
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We must first obtaintbe leakage factor from figure
8. Following I<..i.ngsbury's practice, our bearing may be
assumed effectively that of ~ partial bearing of 1206
arc. The length in the directicln of motion then equals
7TD/3 or 2.62l1t. The abscissa for entry in figure 8 then
becomes 2.62/2, or 1.31. From figure 8 we find E--is
, PO')
about 0.33. This means that with axial flow the bearing
will carry only about 33% of the load that would give'
the same minimum,cleal:ance in a bearing without axial
flow, i.e., end leakage causes the journal to ride lower
in the bearing. As the load on each individual bearing
is 50 lb, P"is 50 ,or 10 psi. Poe is then equal to
2.5X2
10/.33, or 30.3 psi. The apparent bearing load, P 00 ,
is used instead ofP" for computing the abscissa for
entry in figure 9.
We can now estimate the eccentricity by use of
figure 9. For run no. 29 we have given:
r = 1.25 in.
h =1.884 X 10-3 in.




(r/h) 2 f! N =(. 1.25 \ 2 X




*See Fig.IO for absolute Viscosity.
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From figure 9, we find







:t 200 X 10-6
0max. 4168 X 10-6
Then, the inorease in flow is given by 1.5 e2 or about
3.84 peroent. Considering the aoouracies possible in the
determination of some of the other faotors in this experi-
ment this small percentage is negligi.ble. The eccentrioi ty
deoreases fairly rapidly with increase of speed.
Brief mention should be made of the effect of gravity.
The statio head for bearing 1 was approximately one foot,
or .433 psi. This figure is negligibly small in comparison
with the pressure drops enoountered in this investigation.
It may be observed that the laminar flow line obtained
by the authors as shown in figure 11 lies somewhat below
the theoretical laminar flow line shown in dashed lines in
the same figure. While, a t the fir st glanoe, the di s-
crepancy appears rather large, aotually the error is well
within the acouracy of measurements. To illustrate,
suppose we apply our limits of acouracy of measurement S.
to a speoified point on our laminar flow line and see if
it will raise the point up to the theoretical laminar
flow line. For run 29 we have given:
Calculated clearance, C




The mean velocity through the bearing then becomes
U =12.2 X 0.01611 X 144 X 2
60 X 2 0 5 X ~ X 4168 X 10-6
The Reynolds Number, R, is then
=28 0 8 ft./seco
R =
mU _
y - 4168 X 10-
6 X 28.8 =319
4 X 12 X 7.85 A 10-6
as before.
The pressure parameter is then
7,24 X 10-8 X 0g0161lX 230 X 3202
64 X 61.6 X 10- A 2 • 1096
versus the previous value of 810. Applying this value
of m3 P brings this point on our curve for rmeV': 440
;p2{)L .P
well above the theoretical laminar flow line.
Recognizing the fact that our curve as shown in
figure 11 is slightly below the theoretical plot, the
authors feel that the error is sUfficiently accounted for
by the limits ot accuracy of the reference measurements.
Due consideration of this deviation from the theoretical
laminar flow line is necessary when figure 11 is used
for obtaining the flow in similar bearingso
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Figure 12 Figure 13
Referring to figures 12 and 13 above, assume steady
flow o~ the liquid straight through the annular unifor.m
cross-sectional area. Taking the Z axis coincident with
the axis ot the tube, and assuming the velocity is parallel
to the Z axis and a function of the radial distance, r,
trom this axis, the shear stress across a plane perpen-
dicular to r will be:
shear stress =abs. viscosity x velocity gradient, or
in differential notation
•
Hence, considering a cylindrical shell of fluid whose
bounding radii are rand (r + dr) the differential re-
tarding tangential force on the two curved surfaces is
dF = () r11 d U • 21T rL Jdrar L'V\ =0 r
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• (16)
Sinoesteady flow was assumed, this foroe must be bal-
anced by norma~ pressures on the plane ends of the shell.
Thevelooity U is independent of the distanoe along
the flow path, i.e.,
~-o() Z -
The differential foroe on the oylindrioal shell due to
the normal pressures is
Equating the two differential foroes, we have
.. -.2..
or
aU 2 7T rt 1 r = (p1 ... P 2) 2 7T r dr~r j
henoe
A log r+B.+u =..
.....L (r au) = (Pl'" P2) r
iT r dr -)lL





Assuming there is no slippage of the fluid at the outer
surfaoe of the shaft or inner surface of the outer shell,
the boundary oonditions are:
U = 0 at r. a
and U =0 at r '= b •




PI - P2 b2o "::- +A In b+B.
4)1L
Then, by subtracting (b) from (a), we have








Substituting the above value or A in equation (a), we obtain
In a.
Substituting values of the constants A and B in equation
(19), we have
u =
which upon simplification yields
U =Pl-P2 r<... a2-r2) t a~-b2 In(~)l
4)(L L' . In(~) J
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•
Equation (ZO) is an expression for the axial velocity
at any radius r.
The volume rate of flow, Q., is therefore
Q. =1: U d1l. =s: U 2 7T r dr
which upon substitution for U becomes
Q. =s:
•
This formula is difficult to use as the numerical values
must be carried out 12 to 15 significant figures for
accurate results. We may simplify equation (21) by
substituting for b its equivalent, a+h. Then
- 7T(Pl-P2) L« 4 ~ (a.,.. h) 2 -a2 2]Q - 8JiL (a -t h~ -a4 -
1n (a:h.
-
7T(P1- P2) [(ath)2 _a2] [ (a +h) 2 T a 2 - (aTh 2 -aj
- 8/AL 1n 1 t ~) •
Since
ln (lt~) = ~ - i (~)~ T ! (~)3 - i (~)~... where -IL~ <. /
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Q, =7'LCP1- P2) I h2+ 2ah]f(,.h~2ah+2a2)-a2t;-+2~-+ 1 (tl;a _ l(h)4 _vf' B L L' VJ r a"3 iI 00 a +"!.f
_ 7f(Pl~P2) ahTh+;l r;:2(1+~ f 2a2 ) OM
- 8)A t . La JL h h 2
h2(~+ 2a +1. _ L( 11)2+ ",):1
h2 h 3 90 a ~
,,1f(P~~~1 ah3 [~ ~+ ~J [~ +-*0 (~2+..)
and finally
Q, = 7f CPl-P2)
5flL ah
3
[ +1 h 1 (~ 1 (h:~ ]1 - -+- - -f - - +...2 a 50 120 a '
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DERIVATION OF FORMULA. FOR CHANGE OF CLEARANCE WITH
CHANGE OF TEMPERATURE AND PRESSURE
•
In the following derivation the wall of ~he bear-
ing will be considered that of a cylinder which is non-
uniformly heated thus setting up thermal stresses. It
is assumed that the bearing is a homogeneous material,
or if a lining is used it is so thin that its effect
can be neglected. The effect of pressure on the in-
ner and outer surfaces. and on the ends of the bearing
are also taken into account. The temperature distri-
bution is asswmed symmetrical with respect to the axis
and constant along the axis o Therefore the deformation
is symmetrical about the axiso
A ring is cut from the cylinder by two cross-sec-
tions perpendicular to the axis and unit distance apart.
It is assumed that the cylinder is of sufficient length
so that the ends of the element remain planeo
The Z axis is taken as the axis of the cylinder and
Wis the displacement 1n the Z direction. The sub-
scripts rand t denote the radial and circumferential
directions re~ectivelyo The symbol V denotes dis-
placement in the radial direction.
The unit deformations in the three perpendicular
directions of an element in the above ring are:
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Ez : g!{ - constantdZ
~r: dVerr (a)
Et = vr
The strain can be represented as functions of the
stresses oz / ar:J at ' and the temperature • Then
~z =1- I( err +ot)+OCT
Er =~ - I( az+at)-t-~T
Et : at _ l( az -t err) T ocT
E E
Where c<.is the linear coefficient of thermal expansion and
T the temperature difference through the bearing which
varies with the radial distance, r.
The unit increase in volume is
From the foregoing equations, the stresses are
oz - E ( Ez + --L ~) _ 0<. TE--1+0 1 -2)' 1 -21'
or
- E ( f r +--L- 8> _ OC TE
-- (c)1+0 1 -20· 1 -2"0
at E ( (t +---L $>- oCTE
--






Figure 14 Figure 15
Referring to figures 14 and 15 above:
at : normal hoop stress acting on the sides mml' and
nnl of the elemento
ur =normal radial stress on the side mn. This
stress varies with the radius r and changes by
an amount (d rr )dr in the distance dr.
dr
The normal radial stress on the side mlnl is
~ -t d en: drvr dr •
Summing up the forces on the element in the direction
of the bisector of the angle d¢ yields the following
e~ation of equilibrium, neglecting the mass of the
element 0
ar rd¢ + <it dr d¢ - (~+fi.~(i- dr) (r + dr) d¢ =O.
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Neglecting small quantities
at- <f.r _ r d=---::(fi:-Y"_ = O.
dr
SUbstituting the stress and unit deformation equa-
tions in the abowe equation of equilibrium yields
+ 1r ~dr
1+0 co s.:r
1- 0 dr •
This differential equation determines the radial dis-
placement V for any particular distribution of temper-
ature. This expression may be written in the form
L [1 L (rVl] _dr r dr - .!.+'!: oC dT1-0 dr .
Integrating with respect to r, we have
So- (rV)dr - 1 +'0 00 Tr + C: r1- '0 o
Integrating again,yie1ds
J:eer1:. 1 + (("V -- r 1- a •
The above equation contains two constants C1 and C2 which
must be evaluated fram the boundary conditions. Calling








The negative sign is used because normal stress is
taken as negative for compression. A general expression
for (h. is obtained by substituting Cy : ~,Ct: = ~
and the foregoing expression for V into the stress-strain
equation for aygiven in equation (c). These substi-
tutions give
E0:;: 1+ Y
To evaluate constants 01 and C2 the boundary conditions
are substituted in the above general stress equation.
The boundary conditions are:
(ch- ) :-P i
r =b
(a:; k =c = -p0 •
SUbstituting, we get
E r lrY
-Pi = 1+([ 1... Y
and
Jb1 C Cb2 OC Tr dr +---1. ... ~+L€J(25)b 1-2Y b 2 1-2¥" 2. .
E [1 tY 1. ~c
.. l+~[ l-y c2J~
Subtracting, we have








l (pi-po}(l+ r~ + ITo -c12]bC~ Tr dJ • (27),E 1-0 J






SUbstituting the values of 01 and 02 into the displace-
ment formula (23), gives
_ 1 li-OJrd2 T dr + r(l+{) (1-2r) (b2pi-c2p~-l-V - - - r E 2- 2 Ir 1-0 c b
b
r(l+r.) ll"2r)J~ Tr dr-r o6 +b2c2 t(Pi-PO) (l+O >9+1-0 C2-b2 z r{C2-b2). E .
b
(: 2 ~ SCb 1 +r oe Tr drrl c2-b2) 1- 0" b
or
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r ¥ cz J
l+y • (28)
Equation (28) is the general expression for the radial
displacement at any distance r and becomes ~ b when ev~lu~
ated at r =b. In order to determine the radial displace-
ment by useof equation (28) it is necessary to evaluate
the constant strain, f z. This will be done from the ex..
pression for OZ appearing in equation (c) by substitut-
ing E"r. ~~ , Ct = ~ , and using equation (28). We
may calculate the magnitude of E z from the condition
that the sum of the normal forces over the cross-section
of the cylinder must equal the external force on the end
of the bearing due to end pressure.
The normal force is then
Normal force" j:a; . area "J:a; .2 'TI'r dr
or
5:0; r dr = Pend- ~
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•
SUbstituting for Er & ftin equation (c) gives
a; = l~r [Ez+l-~r ( cz;- ~~. + ~~ - ~~
•
Upon simplification, we have
rJ:= E[~. j:c. Tr dr T ~ f.b!lpi-c2nO) T
z \1- 01 \ c2-b2 , \ c2-b2
. b
foC.T _ oC.T 1 ( "0
-(1-2 r nl-b"f -(1-2)") + -(1t-'1) 1+ 1-2)"
Substituting equation (30) in (29), we obtain
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(3l)
Assuming the temperature gradient is linear, then
where ti is the inside temperature and the outer surface
temperature is zeroo
Evaluating the integral-within the integral, we have




Integrating equation (31) gives
Eh-octitC2_b21. _ ¥'oeti {C3_b3L..,.. Yoe ti b(c:-b!l +l 2 1- )'} '3Tl-Y)lc-b) 2{1.. )')~
ytP2pi-02.g0) + y~ tt rc2_b2 _
E -( 1-2 yJ 1- y) 'l 2 .
.' - -
or




Equation (32) above is a general expression for Cz •
Numerical values may be substituted in this equation and
the value of~z' so obtained, may then be substituted in
equation (28) for the radial displacement 0 The radial
displaoement includes the effects of a temperature
gradient across the bearing and the effeots of pressure
on the bearing surfaceso
The total radial displacement is obtained by super-
imposing the values of V-obtained by equation (28) and
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that obtained by a uniform-temperature change throughout
the bearing. This temperature change is equal to the
change in the temperature of the outside surface of the
bearing. This uniform heating throughout the bearing does
not impart any stress so that the method of superposition
is valid.
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